Mechanics of rigid body

1.6. Dynamics of rigid body

1. Clarify and discuss the concepts of the mass point - the mass points
system - the body. Define a rigid body.

2.  Characterize the sliding, rotating and composite motion of the rigid body.

3. Define the centre of gravity of the body.

4. Know that the torque is the cause of the movement of the body's motion
state in terms of the rotational motion, as well as the force is the cause of the movement of the
body state of the body in the sliding movement.

5. Know the relation of the torque and angular momentum in vector form.
6. Compose forces acting on the body at one point.

7. Be able to graphically and numerically add the forces acting on the body at different
points.

8.  Calculate the resultant of parallel forces of the same and opposite orientations acting at
different points of the body. Be able to calculate the position of its location.

9. Define a pair of forces, give practical examples, and calculate the torque of pair of
forces.

10. Be able to define rigid body equilibrium conditions. Distinguish the stable, labile and
free balance of the body, give examples.

11. Distinguish the kinetic energy of sliding and rotating motion.
12. Know the relation for the kinetic energy of the sliding movement of the body.
13. Know the relation for the kinetic energy of the rotating movement of the body.

14. Be able to explain the moment of inertia of the body relative to the axis of rotation.
Calculate moment of inertia of bodies.

15. Know how to compute the kinetic energy of composite motion.

16. Explain the concept of the motion equation of the rotating body, know the basic
relations.

17. Define a rotational impulse.

18. Be able to calculate the work done during rotation of the body and determine power.

Study time — 15 hours.

In the preceding chapters, we dealt with the movement of the mass point
(kinematics) and its cause (dynamics). Often we were not strictly consistent.
Perhaps we counted the distance, speed and acceleration of the car on the
road, but we did not take into account that the big bus is not a mass point
with respect to the hundred-meter track. In dealing with most practical
problems this simplification is acceptable.




Not always. What if the bus crashes and starts rolling off the slope. Now we can hardly
describe its movement with a simple equation of the track. The bus moves forward, but also
rotates, making a composite movement. If you notice this movement, you will find that
different sections of the bus move at different speeds, following different trajectories.
Sometimes we have to leave the mass point and deal with a body of insignificant dimensions
and a certain shape.

Each body is a more or less ordered set of atoms, molecules, or ions. However, the
dimensions of these building elements of the body are small compared to the dimensions of
the body, so that they can be considered as mass points. Thus the body can be considered as a
system of mass points.

When the movement of the body is examined, we assume that the forces that hold the
individual particles together (internal forces) have virtually no influence on the distance of
individual particles. Such a body is not deformed by external forces - we call it a perfectly
rigid body.

The rigid body is the ideal body model. Its shape and volume do not change due to force
acting.

1.6.1. Movement of rigid body, centre of gravity

The rigid body can perform two basic types of movement. In fact, we showed them on an
example of a crashed bus. First, can be the sliding movement(the bus is on the road). Second,
the rotation (reversed) movement. And of course, it can perform a motion composed of these
two movements (rolling).

The sliding motion, sometimes referred as translation, is performed by a body which moves
along the trajectory as shown in Fig. 1.6. Important is that all body points have the same
speed at a certain time. Also, the direction of instantaneous speed is the same. Beware, the
trajectory can be a general curve (not just a straight line) and has the same shape for all body
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points. Fig.1.6.-1
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As has been said, all points have the same speed, the k-th point is the same as the j-th point
and the centre of gravity v, =v, =v,. This is also applied to the acceleration of individual

points - they are the same a, =a, =a,

An example is our bus. If it does not get into the skid, the body, the passenger and the driver
are moving at the same speed.

e The body performs rotating movement when rotated around a fixed rotation axis o. In
this movement, all body points describe a circle centred on the axis of rotation as shown in
Fig.1.6.-2. From this figure you can see that the circumferential speeds of the various points
of the body depend on the distance from the axis of rotation (relationship from kinematics v =



wr). However, all body points have something in common, and that is angular velocity @ and
angular acceleration &. At the same time, they make the same angular path ¢.
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Fig.1.6.-2
If we write down this knowledge for j-th and k-th point we get relationships: w, =w, =w,
respectively €, =€, =€.

And again, a bus example. Its wheels are moving with the rotation movements if it is on the
jack, some parts of its engine, etc.

But now you can argue that the wheels of the bus are rotating while driving, but they move
forward along with the whole bus. You are right; the wheels are performing a composite
motion while driving.

o Composite movement is a movement composed of sliding and rotary motion.
Composite movement is illustrated in Fig. 1.6-3. The body moves in a sliding movement at
the speed v and additionally the body rotates at an angular velocity ® around the immediate
axis of rotation (its position changes over time). In this movement, we find no physical
quantity that would have the same values for all body points.

Fig.1.6.-3

We do not find any common physical quantity, but we can mark one significant point. Look at
the picture Fig.1.6.-4. The illustration shows the individual phases of motion of the exercise
cone (baseball bat if desired). You see that the black point moves along a simple trajectory.
Trajectories of other cone points are considerably more complicated. The black point is called
the centre of gravity of the body. The movement of the entire body (cones) can be replaced



by the movement of the centre of gravity 7. However, into the point 7 we must concentrate
the entire mass of the body.

Fig.1.6.-4

The centre of gravity of the body is the point that moves as if there is concentrated the
whole weight of the body.

that the rigid body is composed of a large number of mass points. For example, a transport
pallet with bricks, or go with your imagination further. Each body is composed of atoms or
molecules, which are really mass points for us. But let us go back to the bricks.

All mass points of the body (bricks) are exposed to the gravity forces in the Earth's weight
field Fgi, Fa, Fas,... Fon see Fig.1.6.-5. These forces are parallel and have the same
direction. The resultant of all these gravitational forces acting on the individual body parts is
the gravitational force Fg , which the Earth acts on the entire body (loaded palette). The area
of this force is at the center of gravity of the body.
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Fig.1.6.-5

The center of gravity of the body is the resultant of all gravitational forces acting on the
individual mass points forming the body.

How it is now with the speeds of individual points. Let us take our j-th point. Its velocity is
given by the vector sum of the centre of gravity translation velocity v; and immediate
circumferential speed v,

vV, =v,+toXr, 1.6.-1

If we investigate the rotational movement of the body, we must proceed as shown in the
following chapters.



Let's look at the concept of the centre of gravity of the body in more detail - determine how to
determine its position relative to the selected point O.

We will emerge from the concept of the body as a set of mass points with the weights m; and
moments m;y;. The position of the individual points is determined by their position vectors r;
as shown in Fig. 1.6.-6. As we have said above, the body is a mass point with mass m = Zm_/

and total momentum p = Zm ;v,;- The momentum of the whole body is given by the sum of

the moments of its individual mass points. If we concentrate the total weight of the body on
the centre of gravity, then its momentum can be expressed as the product of the total weight
and velocity of the centre of gravity v;.

£
It must be valid: Fig. 1.6.-6

mv, =Y my, .

o . . . o dr
We express the velocities in this relation as the first time derivation v = m and after the
t

integration of the acquired relation over time we get

mr, = Zm L
where we denoted r; as the position vector of the centre of gravity. From the last relation, we
express this position vector

1
r=— > m.r, 1.6.-2
LS,

Relation 1.6.-2 is suitable for determining the centre of gravity position for a set of mass
points. But we are dealing with a body in which we assume a continuously distributed weight.
The whole body is then decomposed into a small volumetric elements dV , which we consider
to be the mass points dm whose position is determined by the position vector r. In this case,
we replace the sum in relation 1.6.-2 with the integral and get the relation

1
r,:—_[rdm. 1.6.-3
m

For the practical calculation of the centre of gravity position, it is preferable to determine the
coordinates of the centre of gravity using its components:

x,:ijxdm, y,:ljydm, Z,:ijzdm 1.6.-4
m m m

In the case of a homogeneous body, the centre of gravity of the body is identical to its
geometric centre.



TO 1.6.-1 What is the acceleration a of the various points of the body moving in sliding
motion?

TO 1.6.-2 In the case of the rotary movement of the body, some points do not
move. Which?

TO 1.6.-3 From the following list of moves, select sliding movements:

a) piston movement in the car engine,

b) movement of the circular saw blade,

¢) opening the window,

d) moving wheel of a moving car

e) motion of the car in the curve

f) movement of the Earth around the Sun

TO 1.6.-4 From the following list of moves, select rotational movements:

a) piston movement in the car engine,

b) movement of the circular saw blade,

¢) opening the window,

d) moving wheel of a moving car

e) motion of the car in the curve

f) movement of the Earth around the Sun

TO 1.6.-5 From the following list of moves, select composite movements:

a) piston movement in the car engine,

b) movement of the circular saw blade,

¢) opening the window,

d) moving wheel of a moving car

e) motion of the car in the curve

f) movement of the Earth around the Sun

The cylinder of the radius R rolls
along the horizontal plane. Its A
centre of gravity moves forward
with speed v7. The angular speed
of the cylinder is w. What are the

speeds of the perimeter points A, B, C and D
in Fig.1.6.-7? Solve it only graphically.

Fig.1.6.-7 = 5

Try to solve the problem first yourself. You
are composing a sliding movement and
rotating motion around an axis passing
through the centre of gravity.

Now, verify your result. |

£

Rolling is a composite motion. Also the speed
of individual points will be composed. The translational motion will contribute to a velocity



equalled to the centre of gravity velocity vr. The second component of the resulting velocity
v will be the speed of the rotating motion v, = ® R. We must compose the two components
vectorially. The resulting velocity will generally be given by v = vt + v,. And now it will
matter at which point we will look for the resulting speed. In each of the points A, B, C and D
there will be a different direction of rotation speed.

Try to draw the resulting speed components at all points yourself. Then check your score on

Fig.1.6.-8.

Obr.1.6-

8

1.6.2. Rotating effects of forces, torque, angular momentum

and demonstrates that it is not
possible to open the door
even though he 1s using
greater force. Gradually, he
acts with the force £, in a direction more and
more diverted from the plane of the door
until it finally shows the ideal action in a
direction perpendicular to the plane of the
door F’;. When continuing the experiment, he
then approaches to the force close to the axis
of rotation (which passes through the door
hinges). He demonstrates that the closer to
the axis of rotation the force F, is, he must
use greater force to achieve the same rotating
effects. And the experiment usually ends
with the force in the rotation axis - it does
not move again by the door.

Obr.1.6.-9

O 1

Perhaps every teacher starts explaining the torque by example of opening the
door. He pulls the handle in the direction of the door plane (£; in Fig.1.6.-9)

T
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If we sum up this experiment, then we come to a conclusion:




The rotating effect of the force acting on the body depends on the magnitude of the force, its
direction and orientation and the position of its location.

The rotating effect of the force is expressed by the magnitude of the torque M relative to the
axis of rotation o. It is the product of the force and displacement d.

M=Fd 1.6.-5

The displacement is the perpendicular distance of the vector line p from the axis of rotation. It
sounds rather complicated, so let us rather look at the explanatory picture Fig.1.6.-10

Fig.1.6.-10

If we act on a door in a direction other than perpendicular you will find it difficult to look for
and measure your displacement. Therefore, it is preferable to express the torque by means of
the position vector 7 of the force and angle ¢. These quantities are also shown in Fig. 1.6-6.

Shortly, we can express the torque as a "degree of rotation effect of the force" on the body.
M = Frsin . 1.6.-6
It is evident that unit of the torque is newton meter (N.m).

But already from the picture we can see that it is the product of two vectors and also the
torque is a vector. The term sing indicates that it is a vector product. So we can write a
general equation for torque as a vector:

M=rxF. [kgm’s?] 1.6.-7

The vector M will be perpendicular to both vectors r and F
and its direction will be given by the rule of right hand as

shown in Fig.1.6.-11. M

Obr.1.6.-11 o
On a rigid body rotating around a fixed (stationary) axis, \ I :}Wf
more forces with different rotating effects can be applied. It )/ ;i______,- /
is obvious that the torques of these forces are somehow \“‘_—E -

added together. But how? Algebraically or vectorially? —
Because the torque is a vector, we also have to add the |
torques vectorially.



The resulting torque acting simultaneously on the body is equal to the vector sum of the
torques of each of the forces relative to the given axis of rotation.

M=>M 1.6.-8
i=1

In practice, torques of individual forces can act in the same or opposite direction. It may

happen that the rotational effects of the individual forces interfere with each other. It

expresses the so-called torque theorem.

The rotating effect of the forces acting on the solid body is interrupted if the vector sum of the
torques relative to the given axis is equal to zero.

At the end of the rod (Fig.1.6.-12) of length 80 cm, two parallel forces of 50 N
and 30 N are applied perpendicular to the rod. In which position should the rod be
supported so that it does not rotate? How big pressure force due to the rod is
acting on the support? Do not consider the weight of the rod.

d
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Obr.1.6.-12

We will mark symbols of magnitude: F; =50 N, F,=30N,d=0,8m, F=?,d,="

The size of compressive force acting on the rod support is equal to the resultant of the given
parallel forces:

F=F +F,=50+30=80N.

In order the rod not to rotate, the resulting torque of both forces must be zero:

Fid, = F>d..

But we know the length of the rod, so it will be better to place behind d» = d - d, therefore:

Fid, = F,(d-d)),

and the wanted distance:

_ F,d 3008

'""F+F, 80

0.3 m.

We must support the rod at a distance of 30 cm from the point of greater force. The rod acts
on the support with a force of 80 N.

TO 1.6.-6 . Write the torque unit in the basic units of the SI system.

TO 1.6.-7. The disc with the radius r is rotatable about a stationary axis passing
through its centre. There are three forces F;, F, F;3 acting on the wheel with the
same direction and size (Fig.1.6.-13). Which of the forces cause higher torque?




7 2
1
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Fig.1.6.-13
a) F; b) F> c) F; d) all the same
TO 1.6.-8 Torque M relative to the O-axis is called the quantity
ayM=rxF
b)M=rF
OM=rF
dM=rxF

TO 1.6.-9 Torque is

a) avector perpendicular to a plane determined by the vectors r and F
b) scalar

¢) a vector lying in a plane designated by the vectors r and F

TO 1.6.-10  Torque at a given vector size r and F is

a) maximum, if both vectors are perpendicular to each other

b) maximum, if both vectors lie on one vector line

c) independent of the angle that makes the vectors r and F

d) a vector whose size is determined by the relationship M = F r cosg
e) avector whose size is determined by the relationship M = F r sing
TO 1.6.-11 The torque unit is the same as the unit of

a) work

b) angular momentum

c) power et 7
, o
d) impulse of force 0] |
U 1.6.-1 A square desk of side a £
= 2 m is rotatable about a fixed N
axis o (Fig.16-14). At the /
vertices A, B, D of P o
e 5
Fig.1.6.-14 Fo4 o
square there are forces F'; = F, = F;=10N. In Fol

point P, which is the centre of the OB line, is
the force F; = 20 N. What are the magnitudes of the torques F; through F, relative to that
axis?



U 1.6.-2 A square desk of side a = 2 m is rotatable about a fixed axis o (Fig.1.6.-15). At the
vertices B,D of square there are forces F; = F3 = 10 N.

What is the magnitude of the pair torque of forces F,,
F?

Fig.1.6.-15 fay 7

Similarly as we have defined using the
relation 1.6.-7 torque M, we can define
angular momentum b as vector product of E !
the position vector r and vector of - 15
momentum p: A _Tr

b=rxp=rxmv=Jao. [kg.m’.s™']
1.6.-9 K

Expression Jo for angular momentum is analogous to

the expression for momentum mv of translation movement. Expression J is the moment of
inertia, the variable characterizing the inertial properties of the body in the rotary motion. You
will get familiar with it in the chapter 1.6.6.

In the translational movement we expressed the connection between the acting force F and

dp

momentum p by relationship 1.3.-2 F = @ Newton's second law. By analogy, the same
t

dependence exists between the torque M and the angular momentum b

M=% 1.6.-10
dt

1.6.3. Superposition of forces acting on the body

We have already discussed the folding and breaking of forces at the beginning
of the whole mechanics in the chapter devoted to vector addition. We will
extend this knowledge now, the forces do not only affect one point but a
massive rigid body.

Superposition of forces acting on the body means replacing them with the
only one force that has the same movement effect on the body.

There may be two situations. Either forces act at one point of the body or at different points.
e Forces acting at one point of the body.

Various situations can be found in the figure Figures 1.6-16. The picture shows two forces. Of
course the situation is the same in the case of more forces. The forces are composed
gradually, in pairs.
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Fig.1.6.-16
e The forces act at different points of the body.

The simplest situation of two anti collinear forces F; a F; is shown in Fig. 1.6-17.

Fig.1.6.-17

When two parallel forces F; and F, of the same orientation act on the body, their resultant F
has the same orientation as the acting forces. Its magnitude is equal to the sum of the two
forces

F = F; + F,. The result position is valid for the position F; d; = F, d, (torques of both forces
are the same). The situation is illustrated in Figure 1.6-18.
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Fig.1.6.-18

And the last situation. The parallel forces F; and F> now act on the body, but in the opposite
direction (Fig.1.6.-19). The resultant F has the same direction as the acting forces. Its size is
equal to the difference in the size of both forces F' = F’; - F,. For the position of the result, the
result is the same as in the previous case F; d; = F d>.
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Fig.1.6.-19
e A pair of forces.

A special case of two parallel forces of opposite orientation is a pair of forces. These are, for
example, the forces of the driver's hand acting on the steering wheel (Fig.1.6-20). The effect
of these forces is to rotate the body, that is, the steering i

wheel. 1
The pair of forces forms two equally large parallel forces F rai o \ E
and F’ of the opposite orientation which act at two different F 5 L \ \
points of the body rotating about a fixed axis. - { 5"._';’.- 4Rt 4 m_zﬁ_ !

Fig.1.6.-20 FINOS

Determine the resulting torque of a pair of
forces acting on the steering wheel. The driver acts with 50 N of each hand, the
wheel has a diameter of 40 cm.

Since both forces cause the rotation of the steering wheel in the same direction,
the resulting torque of a pair of forces will be given by the sum of the torques of

both forces.
D=M1 +M2 =Fr+F'r.
Since the magnitudes of both forces are the same, we can write the relation for the torque

D=Fd,



where d is the perpendicular distance between the vector lines of both forces, referred to as an
arm of the pair of forces.

If we put the numerical values we get:
D =50.0,4=20 N.m.

TO 1.6.-12 Disc of the radius », which is rotatable about a stationary axis
through its centre, is influenced by two parallel forces. Four different cases of
these forces are shown in Fig.1.6.-21. Forces F;  and F; have the same size F,
force F, has size 2F. In which cases are the rotational effects of the forces
interrupted?

Fig.1.6.-21
a)inanycase b)onlyin2 c)incases2and3 d)onlyin4

TO 1.6.-13 Disc of the radius 7, which is rotatable about a stationary axis through its centre, is
influenced by two parallel forces. Four different cases of these forces are shown in Fig.1.6.-
21. Forces F;  and F; have the same size F, force F, has size 2F. In which cases form the
forces a force pair?

a)inall cases b)onlyin2 c¢)incases 2 and 4 d) only in 4

U 1.6.-3 How big force is used to pull the glider in Fig.1.6-22, if the forces
stretching the two ropes make an angle of 60° and each has a size 1000 N?




Fig.1.6.-22

U 1.6.-4 The worker raises one end of 4,0 m long and 40 kg heavy ledger. At a certain
position, as shown in Fig. 1.6-23, a ledger
makes an angle 30° with a horizontal
direction. Specify the magnitude of the force
F; that the worker acts on the ledger in the
given position. Force F) is perpendicular to
the ledger (g = 9,8 m.s™).

Fig.1.6.-23

1.6.4. Rigid Body Balance

If we say that the body is in equilibrium position, it means that the resulting
forces and the resulting torque on it are zero and the body is at rest. So

D F=0, YM=0. 1.6.-11

Fig.1.6.-24

A stable equilibrium position has a body that returns to it again when
deflected from this position.

A stable equilibrium position also has a body which is rotatable about an axis
located above its centre of gravity. If this body is driven by force, the body
returns to a stable position. The situation is illustrated in the figure Fig.1.6-
25.




Fig.1.6.-25

On the other hand, pushing a car standing on the top of the hill, the car moves "on its own"
after deflection from the equilibrium position. In this case, the car does not return to its
original equilibrium position. Fig.1.6.-26 shows the model situation of the ball.

Fig.1.6.-26
Similarly, it is also a body that can rotate about an axis located : \
below its centre of gravity as shown in Fig. 1.6-26. In both of :
the latter two cases the body occupies a so-called return or | A

labile position.
Fig.1.6.-27

The labile equilibrium position has a body that does not
return to it after deflection. The body moves into a new stable
position after deflection.

Finally, the body can have an equilibrium position, which we
call as free or indifferent equilibrium position. Here we have
our ball on the horizontal plane in Fig.1.6.-28 or a block
whose axis of rotation passes its centre of gravity as in Fig.1.6-
29.

Fig.1.6.-28

Fig.1.6.-29



The free equilibrium position has a body that remains in any new stable position after
deflection.

TO 1.6.-14 How far does the swing's rotation axis have to sit with a 90kg father
to swing with a 15kg weighing son? The child sits at a distance of 3 m from the
axis of rotation of the swing.

TO 1.6.-15 At what distance should a worker lifting a 200kg box support an
arm? Arm has the length 2 m. The worker is able to lift a 50 kg body directly.

1.6.5. Kinetic energy of rigid body

For the kinetic energy of the mass point with the mass m of the moving
velocity v we have stated the relation E; = % m v*. The kinetic energy of the
rigid body is somewhat more complex. We must return to the beginning of
this chapter, where we distinguished two basic body movements - sliding and
rotating.

e The kinetic energy of the sliding motion.

Look again at figure Fig.1.6.-1 showing the sliding movement of the body. For this
movement, it is characteristic that all body points move at the same velocity v. The kinetic
energy of the body is obtained by adding the kinetic energies of all individual n points of the
body m;.

Fig.1.6.-1

The sum of the weights of individual body points m; forms the total weight of the body m.

Thus, the kinetic energy of the body in sliding motion is expressed in the same way as the
kinetic energy of the mass point. In fact, we replace our rigid body with a mass point of the
total body weight placed in its centre of gravity.

1
/5. =—m’ .
2

1.6.-12

o Kinetic energy of the rotating motion.



When determining the kinetic energy of the rotating body, we will proceed similarly to the
sliding movement. That is, we express the kinetic energies of the individual points of the body
and then we add them together.

We will emerge from Fig.1.6.-30. Here is a disc-
shaped body rotating at an angular velocity o about a
centre axis. The figure shows the mass points whose
kinetic energies vary with the distance from the axis
of rotation. Importantly, all points have the same
angular speed w. The energy of the j-th mass point is

given by expression £, = %mjvf = %mja)zrj2 . Again,

we add up the kinetic energies of all n-points forming
the rotating body.

Fig.1.6.-30
1 1 1
E, =—m@’ 1’ +—m,0’r] +—my@’ 1 4. —m,0’r]
2 2 2
E _1 2 2 2 2 2 _1 PN 2
f —Ea) (m1” +m,ry +myry +............ mnrn)—Ea) ijrj .

The sum of the expressions m; 7; is called the moment of inertia of the body relative to the
axis of rotation and is denoted J. So the kinetic energy of the rotating body is expressed by:

E, :%Ja)z : 1.6.-13

In the next chapter we will learn how to calculate the momentum of inertia.

Let's look on this relation in different way and compare it with the relation for the kinetic
- . 1 . .
energy of the sliding motion £, = Emvz. Let's start with the last quantity. We have the square

velocity of motion v* in sliding motion. In rotational motion, there is a square of angular
velocity is w”. We have said about angular velocity that it characterizes the speed of the
rotation motion.

The second member in relation to the kinetic energy of the sliding motion is the mass of the
body m. Weight determines the inertial properties of the body in sliding motion. Similarly, the
momentum of inertia should be the same. And indeed, the momentum of inertia J determines
the inertial properties of the body in the rotation motion. Momentum of inertia is the ability of
the body to "remain" in the rotation motion.

We can test the momentum of inertia for ourselves. Try to stop the light bicycle wheel and
heavy truck wheel of the same radius. When both wheels perform the same number of turns
per minute (at the same angular speed), it is probably much easier to stop the bicycle.

e Kinetic energy of composite motion.

Solving this problem is not so difficult. We will realize that this movement is the result of a
sliding and rotating movement. Because kinetic energy is a scalar quantity, we simply add the
kinetic energy of the sliding and rotating motion:

E, = Lo+ lyw, 1.6.-14
2 2



U 1.6.-5 The rotor of an electric motor of mass 110 kg has a momentum of
inertia of 2 kg.m” and performs 20 rotations per second. How big is kinetic
energy?

U 1.6.-6 A 2 kg cylinder rolls without creeping on a straight horizontal plane at
a constant speed of 4 m / s. Determine the kinetic energy of the cylinder.

U 1.6.-7 A ball (Jr = 2mr?/5) of mass 0.25 kg

and a diameter of 6 cm rolls without creeping I
on a horizontal plane, its frequency is 4 Hz.
Determine the kinetic energy of the ball.

Fig.1.6.-31

At a 5 meter long inclined plane,
the cylinder rolls without creeping,
so that its centre of gravity
decreases its position by 1 m
(Fig.1.6.-31). Specify the magnitude of speed at which the body moves at the end
of mentioned sector.

We will mark the quantities: /=5m, 7= 1m, Jy = mr’/2, 2=9.8 m.s? v=2

We will use the law of conservation of mechanical energy. The cylinder, in the upper
position, has potential energy E,; = m g h, in the lower position E,, = 0. The kinetic energy in
the top position is zero, E;; = 0 and in the lower position is given by the kinetic energy of the
sliding motion and the kinetic energy of the rotational movement
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Due to conservation law Ey; + Ey = Eo + Ep so
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The speed of the cylinder in the lower position is 3,6 m/s.

1.6.6. Momentum of inertia

Momentum of inertia J, a variable having i
the same function in the rotating motion as ’
the mass m in the sliding motion,
characterizes the inertial properties of the
rotating body. It is the quantity that e
characterizes the weight distribution of the body relative -~
to the axis of rotation. Let's look at Fig.1.6.-32. We have

the body of mass m and from it we have chosen the bulk
element dV with mass dm. Distance of this weight
element from the axis of rotation is 7.

Fig.1.6.-32

The momentum of inertia of this element dm is given by an expression #*dm. The momentum
of inertia of the whole body of mass m is obtained by integrating this relation:

J = Jr2dm



[kg.m’] 1.6.-15

The m symbol in the integral tells us that we
integrate over the entire mass of the object
under investigation.

Calculate the . dy
momentum of inertia of il the
¥ b

surface rectangular slab

(neglecting the third | = 6

dimension) of the sides a, b
with respect to the axis of rotation passing
through the side a (Fig.1.6.-33). The £ slab is

produced from material of surface density o.

We will come out from the definition

J:Irzdm.

Now it is most important to choose the weight element dm correctly.
We express this element using a surface element

dm = ¢ dS = ¢ dxdy and after implementation
J = (TI r’ds

N
Therefore, we should use the double integral.

J

(7]1‘ ]’.yzdxdy.
0 0

However, the double integral is not necessary. Let's take a look at the picture. As a surface
element dS we can use rectangle with the side a and height dy. The chosen element satisfies
the condition that each element point dm has the same distance from the axis of rotation
(we have denoted this distance not as r but as y). So we'll use a modified relation to get it.

b
J= o*aj.yzdy = o%ab3

Look once again for the relation

J= JIerS
S

Integral j r>dS represents the momentum of inertia of the slab made of any
S

material.

Often, the term Momentum of Inertia means this type of expression and that

Jy = [rdv
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for the volume momentum of inertia,

J =J.r2dS

S

for the surface momentum of inertia, and

J, = [rrd

L
for the linear momentum of inertia.

Moments of inertia related to axis passing through the centre of gravity (referred to as Jt) can
be found in the engineering tables. The momentum of inertia of a particular component is then
obtained by multiplying the momentum given in the table by its density.

You often need to determine the momentum of inertia J related to the axis not passing through
the centre of gravity. If you know or find the momentum of inertia in relation to the centre of
gravity Jr, then you can use the Steiner's theorem.

See Figure 1.6-6. Here you have an axis of rotation -

going through the centre of gravity or and you want : -
to find momentum of inertia related to the axis o, -
which is parallel to the o7 and is at a distance a. i

-

You will use Steiner's sentence, whose mathematical o .
expression is - 4
J=Jr+md. 1.6.-16 2
Beware, both axes ot and o must be parallel. 0T.-~
O
Fig.1.6.-34

TO 1.6.-16 The momentum of inertia of the solid is defined by the relation

J= f rzdm, where 7 is

a) distance of the element dm from the centre of gravity of the body
b) distance of the element dm from the rotation axis
c) size of position vector of the element dm

TO 1.6.-17 The mass point m = 3 kg rotates around the axis that is 2 m away from the mass
point. Specify the momentum of inertia of this mass point. J =

TO 1.6.-18 Specify the momentum of inertia of the system of two mass points of mass m,

and m,, which are at a distance r| and r, from the axis of rotation. J =

TO 1.6.-19 Momentum of inertia of a homogeneous sphere of mass m and radius R relative

to the axis of centre of gravity is 2/5 (m R ). Determine the momentum of inertia of this sphere
relative to the axis that touches the ball. J =

1.6.7. Motion equation of the rotating body, rotating impulse

Also in rotating motion we use the motion equation.




dp

In the sliding motion, we called it motion equation F = i’ where we listed the sum of all
t

forces on the left.

In rotational motion, it is analogous to the mathematical writing of the second Newton's
motion law of the equation
db
M=—. 1.6.-17
dt
Torque M acting on the body causes a time change of its angular momentum.

And if we expect that torque is the sum of all torques acting on the object, again we are
talking about the motion equation of rotational motion.

We can still write the motion equation of the rotational motion in a different way
do

M=J2Y_ Je 1.6.-18
dt

This relation is often used in practice.

And another analogy of rotational motion with sliding motion. In the sliding motion we

t
defined I = J.th =mv—my, , quantity called impulse of force. The force impulse causes a
t

o

change of linear momentum.

Similarly, we will define the rotational impulse L in relation
t

L= [ Mdt =mb — mb, 1.6.-19
t()

Similarly the rotational impulse causes a change of angular momentum.

TO 1.6.-20 A constant torque is acting on a body that can rotate around a fixed
axis. What type of movement the body will perform?

a) will be at rest

b) the rotating motion with constant acceleration
c) the rotating motion with constant velocity

d) the rotating motion with changing acceleration

TO 1.6.-21 Which of the following equations represent the motion equation of the rotating
rigid body ?

a) b=J o
b) M=m de/dt
c) M=d(J w)/dt
d F=Jc¢

TO 1.6.-22 On a body with momentum of inertia J, the torque M is acting. This results in a
change of the angular momentum:

a)b -b,= [ Mdt



b) b, -b,= [/ di/M
<) b, -b,=J M2

U 1.6.-8 A body of mass 80 kg and momentum of inertia 3,2 kg.m” performs
uniformly slowed rotating motion. The initial frequency 15 Hz drops to zero in
480 s. Specify the magnitude of the torque M =

U 1.6.-9 The balance wheel, with the momentum of inertia 3 kg.m2 is under

torque 6 N.m. Estimate time necessary for angular velocity to get to 12 s , if its initial
angular velocity was zero ? ¢t =

U 1.6.-10 The flywheel, whose momentum of inertia is 3 kg.mza is under torque 67 ( N.m,s).
For how long the flywheel will increase its angular velocity from value 3 rad/s to 12 rad/s. t =

1.6.8. Rotation work and power

2
We have defined work as an integral of the force by expression W, , = J Fadr.
1

From here we can derive a work done in a rotating motion, moreover we can
also come out of the analogy between translational and rotational motion. This
analogy tells us that for the rotary motion we replace the translation path given
by the position vector r by the angular displacement vector ¢ and force vector F by torque
vector M. Therefore, we can write the work done in the rotary motion as

2
W, = Mde. 1.6.-20
1

Since the directions of the vectors M and ¢ are identical and under the integral we have the
scalar product (cosO = 1), the last equation can be written as follows

2
W, =[Mdgp. 1.6.-21
1

For power we have

dw
P=—-:.
dt
T power of the translational movement P = F.v will be replaced due to analogy to
P=Mo. 1.6.-22

U 1.6.-11 The body rotating about a fixed axis rotates at an angular velocity of
2

2 rad / s. Momentum of inertia of the body is 3 kg.m . When the body is rotated

about 309, how much work is done? W=

U 1.6.-12 Full cylinder with the radius 0.2 meter and a mass of 2 kg is rotated
about its axis at an angular velocity of 20 rad/s. Momentum of inertia of the cylinder is m r2/2.
To stop the cylinder, how much work must be done? W=
U 1.6.-13 A torque of 1 N.m is acting on the body rotating around a fixed axis. The body
rotates with angular acceleration 1 rad/ sz. Calculate the power in 5 sec. P =

U 1.6.-14 The car's drive shaft rotates 60 times per second and transmits power of 60 kW. The
torque that the engine develops has the magneitude M =



1. A rigid body can perform:

e A sliding movement in which all body points at a given time have the
same size, direction, and orientation.

e Rotating movement around the axis of rotation. In this movement, all body points have
the same angular velocity.

e Composite (combined) movement consisting of sliding and rotating movement.

2. The motion of the entire body can be replaced by the movement of the centre of gravity.
The centre of gravity of the body is the point that moves as all body mass was concentrated
therein.

The centre of gravity of the body is the result of all gravitational forces acting on the
individual mass points forming the body. We calculate the position of the centre of gravity

using the relationship r, = s _[ rdm
m

3. The rotating effect of the force is given by the torque relative to the axis of rotation: M = r
x F

4. Angular momentum is defined by the relationship b=rx p =rx mv=J .

5. The forces acting on the body can be composed. When multiplying forces, we use vector
count rules. Consideration should also be given to their locations.

6. A pair of forces acts on the body by a torque D = F d.
7. The body is in the equilibrium position when the resulting forces and the resulting torques
on it are zero and the body is at rest, ZF =0, ZM =0..

8. The equilibrium position can be:

o  Stable, this position has a body that returns to it again after deflection from this position.

o Labile, this position has a body which after deflection from this position, does not return
to it. The body moves to a new stable position after deflection.

e The free position has a body that remains in any new position after deflection.

9. The Kinetic energy of the sliding movement of the body is given by the relation
1

E, = —mv’.
. 1
10. The Kkinetic energy of the rotating motion of the body is expressed asE, =5Ja)2.

Physical quantity J is the momentum of inertia with respect to the axis of rotation.

11. Momentum of inertia expresses the inertial properties of the body in rotational motion

and is given by the relationJ = Irzdm .

12. The Kkinetic energy of composite motion is given by the sum of the kinetic energy of the

. - 1 1
rotational and sliding movement E, = 5 mv’ +—Jo’.




13. The motion equation of the rotary motion is M = % The resulting torque acting on the
t

body is equal to the change of angular momentum.

t
14. The rotational impulse leads to a change in angular momentum L = IMdt =mb—mb, .

tD
2
15. The work of forces when rotating the body is expressed as W, , = I Mde.
1

16. Rotation power is given by the expression P = d—W

dr




